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Abstract. In this article we prove a maximal L^-regularity result for stochas- 
tic convolutions, which extends Krylov's basic mixed L''(L')-inequality for the 
Laplace operator on K"^ to large classes of elliptic operators, both on R'* and 
on bounded domains in R'' with various boundary conditions. Our method 
of proof is based on Mcintosh's H°°-functional calculus, ij-boundedness tech- 
niques, and sharp L''(L'')-square function estimates for stochastic integrals 
in L'-spaces. Under an additional invertibility assumption on A, a maximal 
space-time L*'-regularity result is obtained as well. 



1. Introduction 
Let S = {S{t))t>o denote the heat semigroup on ^^(R''), 

and let 7J be a Hilbert space. Generahzing the classical Littlewood-Paley inequality, 
Krylov Hi HH [S^ proved that for p € [2, oo) and ah G G LP{R+ xR'^]H) one has 

(LI) \\[VSit - s)G{s, dsY^' dxdt < CP\\G\\l,^^^^^,.^^^ 

and more generally, ioi p,q € [2,oo) with q < p and G £ L^'(R+; L^(R'^; H)), 
(1.2) 

ll[V^(i-s)G(s,0](x)|pds)'^'dx)''^'dt<C^P,J|G||^,(^^^^,(„,^^)). 

In both ([LTI) and pT2|) we imphcitly use the extension of S{t) to LP(R'^;7?) and 
L^(M'';iJ), respectively (see the remarks preceding Theorem 14.31) . These singular 
convolution estimates are the cornerstone of Krylov's i^-theory of stochastic PDEs 
[261 EH EH EH IMl E]. The proofs of (HU) and ([O]) rely heavily on techniques 
from harmonic analysis and their extension to bounded domains is a well-known 
open problem. The aim of the present paper is to prove a far-reaching general- 
ization of Krylov's inequalities which, among other things, provides such an ex- 
tension. Our approach is radically different from Krylov's and uses _ff°°-calculus 
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estimates, developed by Mcintosh and coauthors, i?-boundedness techniques, and 
sharp iP(L')-square function estimates for stochastic integrals in L'-spaces. 

In order to state the main result we need to introduce some terminology. Let 
{^l,£/,F) be a probability space endowed with a filtration ^ = {,^t)t>Q, and let 
(W^r(i))t>o be a cylindrical ^-Brownian motion on H (see Section [O]) . Further- 
more let (O, S, /i) be an arbitrary (T-finite measure space. 

Theorem 1.1. Let q € [2,oo), suppose the operator A admits a bounded H°°- 
calculus of angle less than 7r/2 on L'^[0), and let {S(t))t>o denote the bounded 
analytic semigroup on L'^[0) generated by ~A. For all ^ -adapted G G LP(R+ x 
L'^iO; H)) the stochastic convolution process 

U{t) = [ S{t- s)G{s) dWH{s), t > 0, 
Jo 

is well-defined in L'^{0), takes values in the fractional domain D{Ai) almost surely, 
and for all 2 < p < oo we have the stochastic maximal -regularity estimate 

with a constant C independent of G. For q = 2 this estimate also holds with p = 2. 

Although U also belongs to LP{{0,T) x n;L'^{0)) for all T £ (0,oo), in general 
it is false that U belongs to LP{M.+ x n;L'^{0)) unless one makes the additional 
assumption that A is invcrtible (see Theorem ll.2r i) with 9 = 0). 

The limiting case p = 2 is not allowed in Theorem 11.11 (except if g = 2); a 
counterexample is presented in Section [6l This is rather surprising, since p = 2 is 
usually the "easy" case. Theorem 1 1.1 1 is new even for q = 2 and p G (2, cx)). 

The convolution process U is the mild solution of the abstract stochastic PDE 

dU{t) + AU{t)dt = G{t)dWH{t), t>0, 

and therefore Theorem 1 1 . 1 1 can be interpreted as maximal X^-regularity results for 
such equations. As is well-known [8j [HJ [28] (cf. Section [7]), stochastic maximal 
regularity estimates can be combined with fixed point arguments to obtain exis- 
tence, uniqueness and regularity results for solutions to more general classes of 
nonlinear stochastic PDEs. This approach has proved very fruitful in the setting 
of deterministic PDEs, as can be seen from the surveys [161 132]. In order to keep 
the present paper at a reasonable length, such applications to stochastic PDEs will 
be worked out in a forthcoming publication. A generalization of the estimate (jl.ip 
to the setting of stochastic integrodifferential equations has been obtained in [T7] : 
our approach seems to be applicable in this context as well. 

Let us now briefly indicate how (II. ip and (jl.2p follow from Theorem 11.11 and how 
the corresponding estimates for bounded regular domains may be deduced. First of 
all, by the Ito isomorphism for L^(C')-valued stochastic integrals (see Section [O]) . 
the estimate (11.31) can be rewritten as 



(1.4) 

E ( / ( / \\[A^S{t-s)Gis,-)]ix)fdsj dxj dt<CPE\\G\\l 



?/2 \p/q 

H <r f^p\\i\\f2\\ 

LP{R+;Li{0:H))- 



It is well known that the Laplace operator — admits a bounded i7°°-calculus on 
L'^{M.'^), and D{{—A)i) equals the Bessel potential space if^'*(R'^) associated with 
L*(IR''). As a result, (|1.4|) implies (|1.2p without the restriction q < p. By the same 
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token, the Dirichlet Laplacian A ~ — iAoir on a bounded regular domain D C 
has a bounded 7?°°-calculus on L'^{D), and via complex interpolation (cf. 
[251 Lemma 9.7] and gil Theorem 4.3.2.2]) one has 

(1.5) DiAi) = [L'^{D),DiA)]. = [L^D),H'-'^iD) n hI''^{D)]. C H^-'^iD) 

with H^'^'iD) = {/ e H^'i{D) : / = on dD}. Noting that Aoir is invertible, 
(fOj) gives M e LP(M+ X 17; ^(As)). Hence by ([IIS]) we obtain the estimate 



(1-6) ^ll'^llLP(R+;ffl'9(D)) - ^^^\\^\\1p(R^:Li(D;H))- 

A similar estimate, but only on bounded time intervals, holds for Neumann Lapla- 
cian (see the remarks following Theorem 11.11 and Remark 14. 5p . 

The main advantage of our approach is that it uses estimates from the deter- 
ministic theory of partial differential equations (e.g. the boundedness of the H°°- 
calculus) directly as building blocks in the theory of stochastic partial differential 
equations. The boundedness of the _ff°°-calculus is not a very restrictive assump- 
tion; elliptic operators typically satisfy this assumption on L'^-spaces in the range 
1 < q < oo (see Section for a comprehensive list of examples). For second or- 
der elliptic operators on bounded regular domains D, (|1.6p holds again under mild 
regularity assumptions (see Example 12. 6p . 

Under the additional assumption that the operator A is invertible, Theoreni ll.il 
can be strengthened to a maximal space-time LP-regularity result; by a standard 
interpolation argument this also gives a sharp maximal inequality. 

Theorem 1.2. In addition to the assumptions of Theorem \1.1\ suvvose that G 

g{A). 

(1) (Space-time regularity) For all 9 E [0, 

(2) (Maximal estimate) 

where Dji{^ — -,p) (L"^ {O), D{A)) i_i is the real interpolation space. 

^ P 2 p 'P 

In both cases the constant C is independent of G. 

As far as we know. Theorem 1 1.2 1 is new even for the Laplace operator on L^(R''). 
The case 9 = Q oi part (1) easily generalizes to the more general estimate 

for any (5 > 0. A similar estimate for 5 < can be derived by using extrapolation 
spaces, which is useful when dealing with space-time white noise. 

A further advantage of our methods is that with some additional tools from 
functional analysis Theorems 11.11 and 11.21 and their proofs can be recasted in more 
general function spaces such as spaces which are closed subspaces of L'^(O) (e.g. a 
Sobolev or Besov space). 
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1.1. Notations. Unless otherwise stated, all vector spaces are real. Arguments in- 
volving spectral theory are carried out by passing to complexifications. Throughout 
the paper, H is a Hilbert space and (O, is a cr-finite measure space. We use 
the notation (r„)„>i for a Rademacher sequence, which is a sequence of indepen- 
dent random variables which take the values ±1 with equal probability. We write 
b to express that there exists a constant c, only depending on k, such that 
a < cb. We write a ~fe 6 to express that a <kb and b <k a- 



2. Preliminaries 

2.1. Stochastic integration. Let (ri,^,P) be a probability space endowed with 
filtration ^ = {^t)t>o- An -cylindrical Brownian motion on H is a bounded 
linear operator Wh ■ L'^i^+;H) — L^(ri) such that: 

(i) for alH > and h e H the random variable WH{t)h :— WH{'i-(o,t] ® h) is 
centred Gaussian and ^(-measurable; 

(ii) for all ti,t2 > and hi,h2 e H we have E{WHiti)hi ■ WHit2)h2) ^ h A 
t2 [hi,h2]. 

It is easy to see that for all h E H the process {t,uj) (VF/f (t)/i)(a;) is an 
Brownian motion (which is standard if = 1). 

For < a < b < oo, ^a-measurable sets F <Z ft, h e H, and / e the 
stochastic integral of the indicator process {t,uj) l(a,b]xF(^j f^h with respect 
to Wh is defined as the L''(C')-valued random variable 

^{a.b]>^F{f<»h)dWH {Wnit A b)h - Wnit A a)h)lFf, t>0. 

By linearity, this definition extends to adapted finite rank step processes G : R+ x 
— >■ LP{0; H), which we define as finite linear combinations of adapted indicator 

processes of the above form. Recall that a process G : R+ x — )■ ^'(0; H) is called 

^-adapted if for every t € M+, w G{t,uj) is ^j-measurable. 
The next result is a special case of [39l Theorem 6.2]. 

Proposition 2.1. Let p G (l,c») and q € (l,oo) be fixed. For all ^-adapted finite 
rank step processes G : M+ x Q. ^ L'^{0] H) we have the 'ltd isomorphism' 

with constants < c < C < oo independent of G. 

By a standard density argument, these inequalities can be used to extend the 
stochastic integral to the Banach space L^(f7; L''{0; L^(R-|_; H))) of all ^-adapted 
processes G : R+ x fl ->■ L'i{0;H) belonging to LP{n-L'i{0;L'^[M.+ -H))). In the 
remainder of this paper, all stochastic integrals are understood in the above sense. 
By Doob's inequality, the inequalities remain true if the middle term is replaced by 
the corresponding maximal norm. In this form, for p — q they follow directly from 
the (real-valued) Burkholder-Davis-Gundy inequality. 

By Minkowski's inequality, for q G [2, oo) one has 

^\\G\\li{0;L'^{K.+ ;H)) < E\\G\\l'^(k.+ -Li{0;H)) ■ 
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In combination with Proposition 12.11 foi' P G (l,oo) and q € [2,oo) this gives the 
one-sided inequality 



(2.1) 



E 



GdWn 



Li{0) 



< C'PE||G||^2(R_|^.2,,(c);_y 



»■ 



Remark 2.2. For q g [l,oo) the space L'^{0;H) is canonicaUy isomorphic to the 
space ^{H, L'^{0)) of 7-radonifying operators from H to L'^{0) (see [41] and the 
references given therein). Using this identification, Proposition 12 . II extends to arbi- 
trary UMD Banach spaces E (see [40l Theorems 5.9 and 5.12]); this class of Banach 
spaces includes the spaces L'^{0) with q G (1, 00). For Hilbert spaces E one has the 
further identification j{H, E) = ^2{H, E), the space of Hilbcrt-Schmidt operators 
from H to E. 

The inequality (|2.ip holds for arbitrary Banach spaces E with martingale type 2 
(see [Hlin]); this class of Banach spaces includes the spaces L'^{0) with q E [2, 00). 

2.2. i?-Boundedness. Let Ei and E2 be Banach spaces and let (r'„)„>i be a 
Radcmacher sequence (see Section II. ip . A family ^ of bounded linear operators 
from El to E2 is called R-hounded if there exists a constant C > such that for all 
finite sequences {xn)n=i ^1 ^-^d {Tn)n=i in we have 



E 



N 

E 



< C^E 



N 
ri=l 



The least admissible constant C is called the R-hound of notation R{,'7). For 
Hilbert spaces i?i and i?2, i?-boundedness is equivalent to uniform boundedness 
and R{-3^) = supjg^- 112^11- The notion of i?-boundedness has played an important 
role in recent progress in the regularity theory of (deterministic) parabolic evolution 
equations. For more information on i?-boundedness and its applications we refer 
the reader to [T H fTB l [32] . 

In our applications, Ei and E2 will always be L^-spaces or mixed L^(L^)-spaces 
(possibly with values in H). All such spaces are examples of Banach function spaces 
which are s-concave for some s < 00 (for this purpose we identify H with £^ (/) over 
a suitable index set J). For these spaces, Rademacher sums can be evaluated, up 
to a constant, by means of square functions (see [341 Theorem l.d.6]): 



N 

|E^ 

n=l 



1/2 



N 



1/2 



Below we shall need a continuous version of the right-hand side, for which we 
need to introduce some notation. Let i5 be a Banach function space over (O, E, /i). 
For a Hilbert space H, let E{H) be the space of all strongly ^-measurable functions 
G : O ^- -H for which ||G(-)||« belongs to E. Typically we shall take H = L'^{R+,i') 
with a (T-finite Borel measure on R-|_. 

For El = E2 — L''{0) the next multiplier result is due to [H]; the version below 
is included as a special case in a more general operator-theoretic formulation of this 
result, valid for arbitrary Banach spaces Ei and E2, in [25] (a proof is reproduced 
in [37]). 

Proposition 2.3. Let Ei and E2 be Banach function spaces with finite cotype and 
let V be a a-finite Borel measure on R+. Let M : IR+ — > ^(Ei, E2) be a function 
with the following properties: 
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(1) for all X (z El the function 1 1— > M[t)x is strongly v -measurable in E2; 

(2) the range ^ := {M{t) : t e M+} is R-bounded in ^{Ei,E2). 

Then for all G : R+ ^ Ei which satisfy G € Ei{L'^{R+,iy)) the function MG : 
K+ E2 satisfies MG G E2{L^{R+, v)) and 

\\MG\\e2{L^{R^,u)) < R{-^)\\G\\ei(L^(R+m))- 

Conversely, this multiplier property characterizes _R-bounded families. This fact 
will not be needed here. 

2.3. Operators with a bounded iJ°°-calculus. The iJ°°-calculus was originally 
developed by Mcintosh and his collaborators [TJ [HI [HI in a line of research 
which eventually culminated in the solution of the Kato square root problem [5]. 
Meanwhile, this technique has found widespread applications in harmonic analysis 
and PDEs. For an in-depth treatment of the theory we refer to [211 [32l |47]. 

Let —A be the generator of a bounded strongly continuous analytic semigroup 
of operators on a Banach space E. As is well-known (see P, Proposition 1.1.4.1]), 
the spectrum of A is contained in the closure of a sector := {z e C\{0} : 
I arg(z)| < CTo} for some ctq G (0, ^tt), and for all a G (cro,7r) one has 

sup ||z(z — j4)^"^|| < cx). 

Let denote the Banach space of all bounded analytic functions (,c : Eo- C 

endowed with the supremum norm and let H^{Yia) be its linear subspace consisting 
of all functions satisfying an estimate 

for some e > 0. For e H^{Y,cr) and a' £ ('To,cr) the Bochner integral 
viA)^^f ^iz){z-ArUz 

converges absolutely and is independent of cr'. We say that A has a bounded 
H°°{Yic)- calculus if there is a constant C > such that 

(2.2) \MA)\\<GM\^, ^eiio°°(s.). 

The infimum of all a such that A admits a bounded i/°°(Eo-)-calculus is called the 
angle of the calculus. 

In order to avoid unnecessary technicalities, from now on we shall always assume 
that A is injective and has dense range. This hardly entails any loss of generality, 
as for generators —A of bounded analytic semigroups on reflexive Banach spaces E 
one has a direct sum decomposition E = N(^) ® R(^) into kernel and closure of 
the range of A (see, e.g., [31]). In particular, such an operator is the direct sum of 
a zero operator and an injective sectorial operator with dense range (see Remark 
14.51 for further discussion on this issue). 

If A has a bounded i/°°(Ecr)-calculus, the mapping ip ip{A) has a unique 
extension to a bounded homomorphism from H°°{Yj„) to ^{E) which satisfies 
(|2.2p with the same constant C. 

Even on Hilbert spaces E there exist generators —A of bounded strongly con- 
tinuous analytic semigroups for which A does not admit a bounded i/°°-calculus 
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(see [32l Example 10.17]). Examples of operators which do admit such a calculus 
are collected below. 

We shall need a generalization, taken from '5^ (see also [33), of Mcintosh's 
square function characterization for the boundedness of _ff°°-calculi in Hilbert 
spaces [36] (see also [12] )■ We use the notation of Proposition 12.31 with dv ~ 

Proposition 2.4. LeA E = L'^{0) with q E (l,oo). Assume that A has a bounded 
H°°{T,„)- calculus on E for some a £ (0, 7r/2). For each ip e iJ^(Eo.) there exists 
a constant C > such that 

\\t ^ <^(i^)a;||£;(L2(R+,<it)) < C'II^IIb, xe E, 

\\t ^ 'pitA*)x*\\E,^L-iR^.f)) < C\\x*\\e', X* e E*. 

Here, as before, 

/ f dt\^/'^ 

fitA)x\\E{L^R+,^)) ^ (/ MtA)xf — 



and similarly for the expression involving A* . Proposition 12.41 actually can be 
extended to arbitrary angles a G (0,7r), but we will not need this fact. 

In the converse direction, if —A is a generator of a bounded strongly continuous 
analytic semigroup on E = L'^{0) and the above inequalities hold for some nonzero 
(fi G i?^(E^), then A has a bounded i?°°(Eo-')-calculus for ah ct' > a [IS]. 

We will also need the fact (combine [IS] Theorem 1.15.3] and [HJ Proposition 
3.1.9]) that if A has a bounded 77°°(I]CT)-calculus for some a G (0, ^tt), then A has 
bounded imaginary powers and supgg[_]^ ^ < oo. In particular this implies, 

for aU 6* G (0,1), 

(2.3) [E,D{A)]e = D{A'') with equivalent norms, 

where [E, D{A)]g is the complex interpolation space of exponent 9. 

2.3.1. Examples of operators with a bounded H°° -calculus. Many common differen- 
tial operators are known to admit a bounded if°°-calculus (see e.g. the lecture notes 
[l6l [32 ] and the survey article [47] ) . In this paragraph we collect some examples 
illustrating this point. We always take q G (1, oo). 

Example 2.5. The most basic example is the Laplace operator A — — on L'?(R'^), 
which has a bounded i?°°-calculus of zero angle; this follows from an application 
of the Mihlin multiplier theorem (see [32", Example 10.2b]). For this operator one 
has D{Ai) = iJi'9(R'^). 

Also the Laplace operator with Dirichlet boundary conditions on L'^{D), where 
£) C R'^ is a bounded domain with C^-boundary, has a bounded iJ°°-calculus of 
zero angle (see [E]). In this case one has D{A2) C H^''^{D) (with equality if we 
replace H^ 'i{D) by H^'\D) = {/ G H^^'^{D) : / = on dD}; see [H Remark 7.3] 
combined with 15, Theorem 2.3] for C^-domains). 

Similar results hold under different boundary conditions. 

Example 2.6. Let C M'' be a bounded domain with C^-boundary. Consider the 
closed and densely defined operator A in L'^{D) defined by 

d d 

-Af{x) = ^ a^J{x)^:c,xJ{x) + ^bj{x)dxj{x) + c(x)/(x) 
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on the domain D{A) ~ H^'''{D)nHQ''^{D). We assume that the coefficient — Uji 
and bj, cj are bomided and measm'able and that — A is uniformly elhptic, i.e., there 
is a constant v > such that 

d 

It is shown in [UIT^ that if the coefficients Holder conditions on D, then w+A 

admits a bounded i7°°-calculus of angle less than tt/2 for all w e K large enough 
and one has D{{w + A)2) C An analo gous result holds for D = M ; 

in this case one can weaken the Holder continuity assumption on to a VMO 
assumption (see [E]). 

Similar results hold for higher-order parameter-elliptic systems on smooth do- 
mains satisfying the Lopatinksii-Shapiro conditions (see [TSl Theorem 2.3] and 23 ). 

Example 2.7. Let I? C K"^ be a bounded domain with C^-boundary. An impor- 
tant operator arising in the context of the Navier-Stokes equations is the Stokes 
operator A = —PA, where P is the Helmholtz projection of [L'^{D)]'^ onto the 
Helmholtz space L|(D), with domain D{A) = [H^'i{D)]'^ n [H^'''{D)]'^ n £«(!?). 
The operator A has a bounded i?°°-calculus of angle less than 7r/2 on L%{D) 
(see [23l Theorem 9.17] and the references therein). For w e M large enough 
D{{w + A)h)^[H',^''iDrnLliD). 

Example 2.8. Let ~A be an injective operator with dense range which generates a 
positive contraction semigroup S = (S'(t))f>o on L''{0). If S extends to a bounded 
analytic semigroup on L'^{0), then A has a bounded iJ°°-calculus of angle less than 
7r/2 (see [Ml Corollary 5.2]). 

Some of the above results have extensions to domains D with C-'^'^-boundary. 
Further important examples of operators with a bounded iJ°°-calculus can be ob- 
tained by considering kernels bounds (see j7j and the references therein). Finally, we 
note that also operators of Ornstein-Uhlenbeck type and operators of Schrodinger 
type A = —A + V have a bounded iJ°°-calculus (see [25]). 

3. i?-BOUNDEDNESS OF STOCHASTIC CONVOLUTIONS 

In this section we will prove the i?-boundedness of a certain family of stochastic 
convolution operators. This result plays a key role in the proofs of Theorems 11.11 
andO 

Fix p E [2,oo) and q E [2,oo) for the moment, and let K, be the set of all 
absolutely continuous functions k : M_|_ — )• M such that limt_i.oo k{t) ~ and 

/•oo 

/ Vt\k'{t)\dt <i. 

Jo 

For k E JC and ^-adapted finite rank step processes G : M.^ x il L'^{0; H) we 
define the process I{k)G : M+ x ^ Li{0) by 

(3.1) I{k)G(t):^ [ k{t- s)G{s)dWH{s), t>0. 

Jo 

Since G is an ^-adapted finite rank step process, the Ito isometry for scalar- valued 
processes shows that these stochastic integrals are well-defined for alH > 0. From 
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p.ip it follows that I{k) extends to a bounded operator from L^(R+ x fl; L'i{0; H)) 
into LP[M.+ X n;L''{0)) and that the family 

I:={I{k) :fce/C} 

is uniformly bounded. Indeed, For any k € K. we can write 

POO 

k{s) = - / k'{r)dr, s E M+. 



Now, since G is an ^-adapted finite rank step process, the stochastic Fubini theo- 
rem may be applied (see [131 [3H|), and for alH > we have 



oc 



I{k)G{t)=- I k'{r) j lo<s<tU-s<rG{s)dWH{s)dT 

(3.2) 

^fPk'{r)J{r)G{t)dr. 



Here for r > the process J{r)G : R+ x — > L'>{0) is defined by 

J(r)G{t) := ^ j GdWH. 

V ^ J(t~r)VO 

By dm the operators J(r) are bounded from L^(R+ x VL; L'i{0; H)) to LP{R+ x 
17;L«(C')) and the family 

J := { J(r) : r > 0} 
is uniformly bounded. Now the uniform boundedness of I follows from p.2p . 



Theorem 3.1. For all p G (2,oo) and q G [2,oo) the family X is R-hounded 
from L%{m.+ X n,L'^{0;H)) to LP(R+ x rj;i«(C))). The same result holds when 
p^q = 2. 

The case p = q = 2 follows from the general fact that a family of Hilbert spaces 
is i?-bounded if and only if it is uniformly bounded. In what follows we shall 
concentrate ourselves on the case p G (2, oo) and q £ [2,oo) 

By the same reasoning as before the problem of i?-boundedness of I can be 
reduced to that of the family J. 

Proposition 3.2. If J' is R-hounded, then I is R-bounded and R{I) < R{J). 
Proof. This follows from <{i.2\ . convexity, and density (see [32l Corollary 2.14]). □ 

The remainder of this section is devoted to the proof that J is i?-bounded from 
i^(R+ X Vt; L'i{0; H)) to iP(R+ x 17; L''(0)) for the indicated ranges of p and q. 

We begin with a duality lemma which is a straightforward generalization from 
the scalar case presented in |35, Proposition 8.12]. Here the absolute values are to 
be taken in the pointwise sense. 

Lemma 3.3. Let {T{d))s>Q be a strongly continuous one-parameter family of pos- 
itive linear operators on U" {M ] L'^ {O)) , where r,s [l,oo] and is another 
a-finite measure space, and suppose the maximal function 

(3.3) r,(g) :=sup|r(%| 

<5>0 
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is measurable and U'[M\ {O)) -bounded by some constant C > 0. Let ^ + -pr = 
i + ^7 = 1. Then, for all N > I, fi, . . . Jn e L"-' {Af; L"' (O)) andSi,...,dN > 0, 



N 



N 



< 



L'-' (J\f-L^'(0)) 



G El/" 



L"-' (J\r-L''(0)) 



For functions / G L''(K+) we define the one-sided Hardy- Littlewood maximal 
function M (/) : M+ [0, oo] by 

nt+(S 



M{f){t) :=sup- 

<5>0 



\fir)\dT. 



Similarly, for functions / E L'''(R+; L*(C')) we define 

M(/)(0(a) := sup j \fir){a)\dT, aeO. 

Proposition 3.4 (Fefferman- Stein). For all r E (l,oo) and s E (l,oo] the one- 
sided Hardy- Littlewood maximal function M is bounded on i'"(R+; L*(C')). 

Proof. This follows from the usual (discrete) formulation of the Fefferman- Stein 
inequality (see \AA{ Section II. 1]) by approximation (the cases r = s and s — oo are 
easy consequences of the Hardy-Littlewood maximal inequality). □ 



Proof of Theorem \3.1\ It remains to prove the i?-boundedness of J . 

hetN> 1,5i,...,5n> 0, and d, . . . , Gat E ^^^(R+xfi; L«(C; ff)) be arbitrary 
and fixed. Note that the functions /„ := \\Gn\W belong to Lp/'^{M.+ x r2; i«/2(e))). 

Let {rn)n=i be a Rademacher sequence on a probability space (51^, J^r,^r)- Using 
the inequalities of Proposition l2 . II applied pointwise with respect to {uj,t) E ftrX R+ 
(in (i)) and the Kahane-Khintchine inequalities (in (ii) and (iii)), we may estimate 
as follows (with implicit constants independent of the choice of N, Sn, and G„): 

N 

Er\\j2rnJ{Sn)Gn 



p 



t ^ 



LP{W+xn;Li{0)) 

/ / , —^'^{(t~S„)\/0.t)GndWH 
Jo Vdn 



LP(R+XO;L5r(C')) 



E 



E 





poo 


t ^ 


Jo II 



N 



n=l 



= l((t-'5„)VO,t)('5)G'n(s) 



ds 



H 



1/2 



LP(K+xn;_L<!(0)) 



r°° II r 

/ eJ V^ 

;!,E r (Ejf^^i((, 

Jo ^ II ^/0n 



((t-(5„)V0,t)^" 



(5„)VO,t)G'„ 

Jo ^Jo ll„=iVd„ 



dt 



Li{0:L2{R+;H)) 

q 



p/q 



dt 



p/q 
d/i dt 



(iii) 



E 



N 



E ^l((*-5,^)vo,t)G„ 



9/2 \p/q 
d^jL 



dt 
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^ (/(/ IEJE^l((*-Mvo,t)(s)G«(s) 
Ey \J^\J Z^^'g~'^at-Sr,)vo.t){s)fn{s)dsj d^ij dt 



9/2 



p/2 

LP/2(R+;L<!/2(e)))' 



where the positive linear operators T*{5) on Lp/^(R+; i''/^(C')) are defined by 



T*{5)4>{t) 



{s)ds, e LP/2(R+;i«/2(0)). 



(t-(5)VO 



Let I + i = 1 and I + i = 1. Then T*(^) is the adjoint of tlie operator T{S) on 
L'~(R+;L"(0)) given by 



mm = 



SJt 



t+s 



tl;{s)ds, e V\R+:L'{0)). 



Since supsyQ\T{S)il;\ < M{ip) and the latter is bounded on L''(R+; L"(0)) by 
Proposition 13. 4[ by Fubini's theorem we find that is bounded on U'iK.^ x 



VL; L^{0)). Hence we may apply Lemma [3?3l to conclude that 

N N 



p/2 

Lp/^{Vl+-Li/^(0)) 



E E/" 



I p/2 



n=l 

AT 



Ilp/2(R+;L9/2(C>)) 



-^p,Q E^ ^ ^ '^7iGr, 



LP(TS.+ xn;Li(0;H))) 



□ 



where the last step follows by reversing the computation above. 

Remark 3.5. The above proof uses the right-hand side inequality in Proposition l2.1l 
in an essential way; it seems that the simpler inequality (j2.1l) is insufficient for this 
purpose. 

4. Proof of Theorem 11.11 

We start with a Poisson representation formula. 

Lemma 4.1. Let a G (0, 7r/2) and a' € ict,n] be given, let E be a Banach space, 
and let f : Sq' E be a bounded analytic function. Then for all s > we have 



J_ 

2a 



where k, 
(4.1) 



m= E 

je{-i,i} 
^ — R is given by 



ka{u,t) 



ka{u,s)f{ue''^°') du, 



{t/uY 



(t/u)^ +lu 

Proof. If g : Si^r+e E is analytic and bounded for some e > 0, then 



9{t) = 



+ v' 



:g{iv) dv 
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by the Poisson formula on the half-space (see [221 Chapter 8]). For small e > 
let cf) : Si^^g — >■ Sq' be defined by (f){z) := z~ . Then (j) is analytic, and taking 
9^ f gives 

The required result is obtained by taking s — t~ and u — \v\~ . □ 

The next lemma isolates an elementary property of the functions ka ■ 

Lemma 4.2. For a £ (0,7r) andO £ [0,1] putka,e{u,t) :— y/u{u/t)^ka{u,t), where 
ka is given by (j4.ip . Then 



sup 

ti>0 Jo 



Vt 



{u,t) 



dt 



dt < oo. 



Proof. This is an easy consequence of the identity g"'" {u, t) ~ u "^/^ h'{t/u), where 

h{x) = x^-y{x^ + 1). □ 

Note that by Lemma [4.21 small enough multiples of ka,e{u, •) belong to the set 
JC defined in Section [3l 

In the proof of Theorem II. 2 1 we shall need a small generalization of Theorem II. 1[ 
stated next as Theorem 14.31 Theorem 11.11 corresponds to the special case 9 = 0. 

It will be useful to introduce the notation 

FoGit) := [ F{t- s)G{s)dWH{s), t>0, 
Jo 

whenever F : M+ — .if(L*(0)) is a function for which these stochastic integrals 
are well-defined in L'^{0). In order to see that the integrand is well-defined as an 
adapted L''{0; iJ)-valued process we note that every bounded operator T on L^{0) 
extends to a bounded operator on L'^{0; H) of the same norm (see [JH 1.8.25]); on 
the dense subspace L'^iO) ® H this extension is given by T(/ ® h) = Tf (g) h. 

Theorem 4.3. Let q G [2,oo) and a G (0,7r/2), and suppose that A has a bounded 
H°° (Tier) -calculus on L''{0). Let S denote the bounded analytic semigroup generated 
by -A. Set 

Seit) := ^f(t). 

For all p G (2,oo) and 9 G [0, i) th ere exists a constant C > such that for all 
G G £^(M+ X n;Li{0;H)) we have S'eoG(t) G DiA^-'') almost surely for almost 
all t > and 

WA"^ ^ Se O G\\ LP {m^xn; L<i{0)) < C\\G\\lp{R+xQ;Li(0;H))- 

This estimate also holds when p = q = 2. 

Proof. By a density argument it suffices to consider ^-adapted finite step processes 
G : ]R_|. xil —?' DiAfi), where A^ = A^L^ is the generator of the bounded analytic 

semigroup Sit) viewed as acting on L'^iO] H). For such G, the process AjjG takes 
values in L'^iO; H). By Holder's inequality and ([211]), Sg o G(t) and A^-^Se o G(i) 
are well-defined in L'^iO) for each t G M+, and both processes are jointly measurable 
on M+ X O (see [HI Proposition A.l]). 
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The idea of the proof is to reduce the estimation of A^"^ Se o G to an estimation 
of ka^eiu, ■) o {V {u)G) ^ where ka^e are the scalar kernels introduced in Section|3]and 
V{u) is a suitable operator depending on u and A. The latter is then estimated 
using the i/°°-calculus of A. 

Fix 9 e [0, ^). We proceed in two steps. 

Step 1 - First we shall rewrite A^~^ Se o G using Lemma [4. II Fix < a < a' < 
^TT — (7. Since z i~>- S{z) is analytic and bounded on Sq/, it follows from Lemma 
Othat for all x € D{A^), 

(4-2) M ^s)-'A^-'S{t~.s)x= / k^^s{u,t-s)V{u)x — 

T(l -B) Jq u 

where 

V(u) — ^ V J-(ipJuA))'^ 
^ ' ie{-ia} 

and (pj £ H^{Yii^_^,) is given by (pj{u) — u^"^^ exp(— iue*-'"). We write Ia,e = 
I{ka,e) for the operator as defined by p.ip with k 

— ka^6 B,s in Lemma 14.21 By 
and the stochastic Fubini theorem we obtain, for all i > 0, 

pt poo 1 

Ai-''SgoG(t) ^ / V(u)k^eiu,t-s)G(s)—dWH{s) 
Jo Jo u 
du 

V{u)Ic..e{u)G{t)—. 

u 

Step 2 - Next we prove the estimate. Let Ei = U\R+ x fl; L''{0; H)) and 
E2 = LP{R+ X n; Li{0)). The space Li{0) is reflexive and therefore E:^ = Lp' (R+ x 
n;L'}'{0)) isometrically. For aU C* £ Lp' {R+ x fl; L^' (O)) with ^ + ^ = ^ + ^ = 1, 

{A^^-'SeoGXlE.^Ei 

1 - /"oo , poo 1 



5] fE/ (/ (^,M))2/„,,(u)G(t)-,CW)^ ^^^^ 

{^1} Jo ^Jo U / Li{0)Xi'{0) 

1 V- W°°/ . . ^^ . 



/•OO 

^ hi, {v3i^A)Io.An)G.vAuA*)C 



je{-i,i} 

where the last identity follows by writing out the duality between the Banach 
function spaces E2 and E2 as an integral over R+ x x O and then using the 
Fubini theorem. It follows that 

\{A^-OSeoG,C)\<Yir^] E ^II^.M)^",eHG|U,(i.(M^ -)) 

X ll'^jM*)C*llEJ(L2(R+,i5i^)). 

By Proposition [23] (applied 'pointwise' in x fi), 

||<^,M*)C1ls.(i.(R,,4H)))<Gi||C1U|. 
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Since (pj{uA)Ia,e{u)G — Ia.eiu)fj{uAH)G, from Proposition l2.3l and another point- 
wise application of Proposition 12.41 (this time for Ah — A ^ Ih, noting that Ah 
satisfies the assumptions of the proposition if A does) we obtain 

||^j(uA)/„,(,(u)G||£^(i2(R^^<iH)) < i?(/a,e(w) : u e R)\\(Pj{uAh)G\\ ^^^^2^^^^^^^) 

<R{Ic.Au)-ueR)G2\\G\\E,. 

By Lemma 14.21 the i?-bound can be estimated by 

R{Ue{u) : ue M) < CaRil) 

and the latter is finite by Theorem 13. II We conclude that 

liAi-OSeoGXll < ^^^^_gf iC2GsR{I)\\G\\EA\C\\Ei. 

Taking the supremum over all ||C*I|e; !i 1 it follows that 

\\Ai-'SeoG\\E, < ^^^^ _ ^^ G,G2C-iR{I)\\G\\E,. 

□ 



Remark 4.4. As in |26[ Remark 2.1] one shows that the inequality in Theorem 
fails ioi p = q G [1, 2). In Section |6] we prove that Theorem 14.31 also fails for p = 2 
and q € (2, oo). 

Remark 4.5. Stochastic maximal L^-regularity on bounded time intervals may be 
deduced from Theorem 14.31 bv considering processes G with support in (0,r) x fl. 
In this situation it suffices to know that w + A has a bounded i/°°-calculus of angle 
less than tt/2 for some w g M large enough, and we obtain the inequality 

ll^''^llLP((0,T)xa;D((»+A)^)) - ^e"'^l|G|Un(0,T)xn;L.(O;ff)) 

with the constant C independent of G and T. In particular, injectivity of A is not 
needed for this estimate. We leave the easy details to the reader. 



Remark 4.6. In the proof of Theorem 14. 31 we used both inequalities of Proposition 
12.41 It is an open problem whether only the first one suffices. For p = q = 2 this is 
indeed the case. To see this, take (p{z) = z^/^ exp(— z) and assume that 

MtA)fh2^a;LHR+,f)) < C\\f\\, f e L^O). 

Let {hn)n>i be an orthonormal basis for H. Then by the Ito isometry, Fubini's 
theorem and the Plancherel formula, 

Jo Jq 

eV / \\Ais{t)G{s)hn\\l2^o)dtds 



/>oo 

<C' Ej2\\G{s)h,,\\l2^a)ds 
Jo 



n>l 

C^\\G\ ^ 
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5. Proof of Theorem 11.21 

To prepare for the proof of Theorem 11.21 we start by collecting some results on 
sums of closed operators on a UMD Banach space E; below we shall only need the 
case E = L«(C') with q G (l,oo). 

Let A have a bounded i7°°-calculus on E of angle less than tt/2. Let be 
the closed and densely defined operator on i^(R+;£^) with domain D{s^) := 
LP{R+;D{A)) defined by 

■.= Af{t). 

Let ^ be the closed and densely defined operator on LP{R+;E) with domain 
D{.^) ■.= H^''\R+;E) given by 

^/ := /'. 

Here H^^P{R+;E) = {/ e H^-p{R+;E) : /(O) = 0}, where H'^'P{R+;E) = 
[LP{M.+ ; E), H-^'P{M.+ ; E)]e is the Bessel potential space defined by complex inter- 
polation. 

The operators and have bounded imaginary powers (see e.g. [S] Lemma 
III. 4. 10.5]), and by (43, Theorems 4 and 5]), the operator 

+ D{'^):^D{£/)nD{:S§), 

is closed and has bounded imaginary powers as well. Furthermore, "rf is injective 
and has dense range and for all 6 e (0, 1) one has (see, for instance, [21 Proposition 
3.1]) 

(5.1) C^-'/)(0 = j\t - sy-'S{t - s)f{s) ds. 

Moreover, for aU 9 G (0, 1] one has (see (12.31) and Corollary 1]) 

(5.2) DCrf^) ^ LP{R+;D{A'^))nH^-''{R+;E). 

Proof of Theorem l 1 . 2[ By a density argument, it suffices to consider an arbitrary 
^-adapted finite rank step process G : M+ x — > D{Ah), where Ah — A^ Ih- 

(1) : By the Da Prato-Kwapieh-Zabczyk factorization argument (see [S] and [HJ 
Section 5.3] and references therein), using (|5.ip . the stochastic Fubini theorem and 
the equality 

one obtains, for all t E M+, 

<r~«(A3-«S'eoG)(t) ^A^-'^SoG{t) almost surely 
and hence, by (|5.2p and Theorem 14.31 

IIAa^^S* O G\\ Lpi^Q-He.p (TR^-Li (O))) < ||'^^(v42^®5 O G)(i)||ip(R^ xO;L9(0)) 

= {{{A'^^^Se o G)(i)||LP(R^xO;L9(o)) 

^ LP{R+ xSl-.L-i {0;H)) ■ 

(2) : Let 9 e (i, i). By gi Theorem 3.6] (see also [1 Theorem III.4.10.2] and 
[121 Proposition 3]) there is a continuous embedding 

H''P{R+; L^{0)) n iP(M+; D{A<')) ^ BUG{R+;Da{9 - ip)) 
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of norm K. Here BUC{M.+ \ L'^{0)) denotes the Banach space of all bounded uni- 
formly continuous functions from M+ to L'^{0). Combining this with the result of 
part (1), noting that \\SoG\\^^^^^^^^^^^^i^^ < C \\G\\Lp(^u^,,a;Li{0;H)) by Theorem 
EUand the fact that e q{A), 

< /sTmaxjllyl^^^S' o G\\Lp^n.Hf>.p{M+-Lp{o)))^ WA'^'^S o G||ip(n.ip(ffi^.o(A<')))} 
Hence by gU Theorem 1.15.2 (c)], 

\\S O G\\^Pl^^.gjj(jl^^^.jj^f^i_l^py^^ ^A,0,p \\A^ ^-S* O G||^p(Q.5[/c'(R+;DA(e-|,p))) 

< CK\\G\\LP{m.+ xQ-Li(0;H))- 

□ 

Remark 5.1. A standard stopping time argument (see for instance jl41 Proposition 
4.16]) shows that Theorem 1 1.2 1 can be localized. For instance, from Theorem [TT^ 2) 
one can derive that for ah G € L^(f]; LP(M+; X«(0; iJ))) one has 

SoGe L\n-BUG{R+;DA{\ - ^,P)))- 

Here L°(n; E) denotes the space of strongly measurable functions on ft with values 
in a Banach space E. 

Remark 5.2. Arguing as in Remark 14.51 also Theorem 11.21 admits a version for 
bounded time intervals. 

Remark 5.3. As has been pointed out in Remark 12.21 the role of L'^{0) in Proposi- 
tion [2lT] can be taken over by an arbitrary UMD Banach space E. We do not know, 
however, whether Theorems 13.11 and Proposition 13.41 can be extended to UMD Ba- 
nach spaces E, say with (martingale) type 2 in order to rule out the spaces L'^{0) 
with q G (1, 2) for which Theorem 1 1.1 1 is known to be false (see Remark 14.41) . 



6. A COUNTEREXAMPLE TO STOCHASTIC MAXIMAL L^-REGULARITY 



We show next that Theorem 11.11 is not valid with p = 2 and q G (2,00), even 
when H = and G is deterministic. Stated differently, analytic generators on 
L'^{0) do not always enjoy stochastic maximal L^-regularity for q e (2, 00). This 
is rather surprising, since stochastic maximal L^-regularity for Hilbert spaces (in 
particular, for L^(0)) is easy to prove (see Remark l4.6p . 

In the next theorem, W denotes a real-valued Brownian motion. 

Theorem 6.1. Let q G (2, 00) and fix an increasing sequence < Ai < A2 < . . . 
diverging to 00. Let A be the diagonal operator on l"^ defined by Atk '■= XkCk with 
its maximal domain. Then A has a bounded H°° -calculus of zero angle, hut there 
does not exist a constant G such that for all G € L^{R+;£'^), 



3.1) 



E 



A^S{t~s)G{s) dW{s) 
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dt < G^ 



m)\ 



£q dt. 
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Proof. The verification that A has a bounded i?°°-calculus of zero angle is routine. 
By Proposition 12 .11 the estimate (|6.1|) is equivalent to 

, s \ «/2\ 2/g 



E 
3.2) 



Jo ^.^i Jo 

•^0 k>l 



where Ci is a different constant independent of G = {gk)k>i- We claim that this 
inequality implies deterministic maximal i-'^-regularity for the operator B — 2A on 
the space , by which we mean that there is a constant C2 such that 



Jo 



for all / = {fk)k>i in i^(R+; ^'?/^). This inequality is equivalent with 

|?/2\ 2/g 

(6.3) 



roo . , 2/0 

■^0 \ 1 



To see that ()6.3p follows from ()6.2p . we may reduce to non- negative / by considering 
positive and negative parts of each separately. Then ()6.3p follows by taking 

Now the theorem follows from [3D], where it is shown that B fails maximal 
-regularity on i'^l'^ with q e (2, cx)). □ 



Of course, by Theorem I 1 . 1 I the operator A of this example has stochastic maximal 
LP-regularity for p e (2, 00). 

7. Discussion 

We have already compared Theorem 11.11 with Krylov's inequalities (|l.ip and 
(|1.2p in the introduction. Theorem 11.11 also extends various other regularity results 
in the literature. 

7.1. Hilbert spaces. For generators —A of bounded strongly continuous analytic 
semigroups on Hilbert spaces, stochastic maximal L^-regularity was proved by Da 
Prato (see p4j Section 6.3] and references therein) under the assumption D(yl^) = 
Da{Q, 2) for all d £ (0, 1). This condition is equivalent to the existence of a bounded 
if°°-calculus of angle less than ^tt for A (see [lU Remark 6.6.10] and [32", Theorem 
11.9]). Thus, the case p = g = 2 of Theorem 11.11 contains Da Prato's result (see 
also Remark l4.6l) . For p £ (2, 00), Theorem 1 1 . 1 1 seems to be new even in the Hilbert 
space case, i.e. q = 2. Similarly, only the case p = 2 of Theorem 1 1.2r 2) is known 
in the Hilbert space case (see [TH Section 6.2] and note that Da{^,2) = D^A^/"^) 
when is a Hilbert space; here we should mention the fact that analytic contraction 
semigroups on Hilbert spaces have a bounded f/"°°-calculus of angle less than 7r/2 
[5^ Theorem 11.13]). As observed in T^, the above mentioned assumption in Da 
Prato's result can be weakened to D{A^) D -Da(^, 2). 
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7.2. Martingale type 2 spaces. For p — 2, the related estimate 

(7.1) mU\\Uo,T;DiA)) < C'n\G\\l,^o,T:D.^(i,2)) 

was obtained by Brzezniak [8] for so-called M-type 2 Banach spaces E (this class 
includes the L'-spaces for g S [2,oo)). If ^ is a second order elliptic operator on a 
space E = L'^{R'^), one typically has 

DaA^^) = Bl.iR'-^H) C H''^R'':H) = D{Al), 

where the middle inclusion, being a consequence of |451 Remark 2.3.3/4 and Theo- 
rem 4.6.1], is strict for q € (2, oo). Similar reasoning applies in the case of bounded 
regular domains in R''. 

As a consequence, the inequality (|1.3p is therefore stronger than the one which 
follows from (II. 7L 



(7.2) E||[/||i,(o,^^^(^)) <C2E||G|p , 

LP{0,T-D{A%)) 

More importantly, the fact that the real interpolation spaces Dah{^, 2) are Besov 
spaces causes difficulties in the treatment of nonlinear problems (as was noted in 
[8l[28]). Such problems can be avoided if one uses the inequality (|1.3p instead. 

7.3. Real interpolation spaces. For analytic generators — A on Af-type 2 spaces 
E, stochastic maximal i-P-regularity for p G [2,oo) in the real interpolation spaces 
Da{0,p) for 9 e [0,1) was proved by Da Prato and Lunardi IS] (see also [Ifll); 
the solution U then belongs to LP{0,T;Da{0 + ^,p)). With = ^ this gives the 
estimate 

(7-3) ^\\U\\Ip{0,T;Da{1,p}} - G'^^\\G\\LP{Q,T;DA„{i,p))- 



Comparing with (|7.2p . this time the applicability is limited by the observation that 
the solution space Da{1,p) may be larger than D{A) when E = L'^{0) with q > p. 
This happens, for instance, in the special case where ^ is a second order elliptic 
operator on E = L'^{M.'^) with q G (2, oo). Taking p — q one has 

DA{l,q) = Bl^iR") 3 i72.9(K'i) ^ D{A). 

Again similar reasoning applies in the case of bounded regular domains in R''. 

When comparing the results of [13] with ours, it should be noted that if —A is 
invertible and generates a bounded strongly continuous analytic semigroup on a 
Banach space E, then by a result of Dore (see for instance [211 Corollary 6.5.8]) 
A admits a bounded if°°-functional calculus of angle less that 7r/2 on the spaces 
Da{0,p) for aU 9 e (0,1) and p S (l,oo). Hence, at least for E = i'?(0), the 
estimate ()7.3|) is also contained in Theorem ll.il 

Acknowledgment - We thank Wolfgang Desch, Stig-Olof Londen and the anony- 
mous referee for careful reading. 
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